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TOWARDS HIGHER-N SUPEREXTENSIONS OF BORN-INFELD
THEORY
E. Ivanov
Bogoliubov Laboratory of Theoretical Physics, JINR,
141980 Dubna, Moscow Region, Russia
We give a brief account of supersymmetric Born-Infeld theories with extended supersymmetry, including those
with partially broken supersymmetry. Some latest developments in this area are presented. One of them is N = 3
supersymmetric Born-Infeld theory which admits a natural off-shell formulation in N = 3 harmonic superspace.
1. INTRODUCTION
The main source of current interest in superex-
tensions of the Born-Infeld (or Dirac-Born-Infeld)
action is the fact that these super BI actions con-
stitute an essential part of the worldvolume ac-
tions of Dp-branes (see [1] and refs. therein). It
is tempting to formulate super BI actions in a
manifestly supersymmetric way using an off-shell
superfield approach. In this approach the world-
volume SUSY is linearly realized, as opposed to
the approach proceeding from a gauge-fixed form
of the Green-Schwarz Dp-actions [2], in which all
SUSYs are nonlinear and non-manifest. As was
shown in [3], the N = 1, d = 4 super BI theory
first formulated in [4] in terms of superfields can
be re-interpreted as a theory of partial sponta-
neous breaking of global N = 2 SUSY (PBGS)
down to N = 1 SUSY, with vector N = 1 mul-
tiplet as the relevant Goldstone multiplet. Thus
the PBGS approach provides a powerful way of
deriving super BI actions with extra hidden non-
linearly realized supersymmetries.
This contribution is a brief survey of super BI
theories of this kind known to date. A short de-
scription of the recently constructed N = 3 su-
persymmetric BI theory [5] is also given.
2. SUPER BI THEORIES AS PBGS SYS-
TEMS
2.1 N = 2 → N = 1, d = 3 BI theory. The ba-
sic object of this simplest super BI theory [6] is
the N = 1, d = 3 spinor gauge superfield strength
µa(xbc, θd), a, b, c, d = 1, 2, subjected to the con-
straint
Daµ
a = 0 , (1)
where Da = ∂/∂θ
a + 1/2 θb∂ab. A nonlinear ex-
tension of the free N = 1, d = 3 Maxwell action,
with the d = 3 BI action as the bosonic core,
reads
S ∼
∫
d3xd2θ w ,
w ≡ 1
2
µ2
1 +
√
1−D2µ2 . (2)
Besides being manifestly N = 1 supersymmetric,
this action possesses the hidden nonlinear SUSY
δηµa = ηa
(
1−D2w)+ ηb∂abw . (3)
The superfield µa is the Goldstone superfield as-
sociated with the spontaneous breaking of the
N = 2, d = 3 SUSY,
{Qa, Qb} = {Sa, Sb} = Pab , {Qa, Sb} = 0 , (4)
down to the N = 1 one generated by Qa, Pab.
The Goldstone fermion ψa associated with the
spontaneously broken generators Sa in the stan-
dard nonlinear realizations approach (with mak-
ing use of the exponential parametrization of the
Poincare´ supergroup elements) is related to µa by
ψa =
µa
1−D2w . (5)
2In components, (2) gives rise to a static-gauge
form of the space-filling D2-brane action.
Now let us briefly outline how the super BI
action (2) can be deduced. The derivation follows
a generic method [7,8] which is also applicable to
other PBGS cases [9,10].
The starting point is the appropriate linear re-
alization of the considered PBGS pattern. It is
obtained by embedding the N = 1, d = 3 Maxwell
superfield strength µa into a linear N = 2, d = 3
multiplet. The latter should have such a transfor-
mation law under the S-supersymmetry that µa
transforms with an inhomogeneous term∼ ηa and
so can be interpreted as the Goldstone fermion of
linear realization.
The appropriate N = 2, d = 3 supermulti-
plet was proposed in [11] as a deformation of the
N = 2, d = 3 Maxwell multiplet. The superfield
constraints defining this deformed multiplet can
be taken in the form [10]
(a)
[
(D)2 − (Dζ)2]W = −2i ,
(b) DaDζaW = 0 , (6)
where W (x, θ, ζ) is a real N = 2, d = 3 super-
field (ζa is an extra Grassmann coordinate). The
standard S-supersymmetry transformation law of
W ,
δηW = −ηa
(
∂
∂ζa
− 1
2
ζb∂ab
)
W , (7)
implies the following transformation laws for the
irreducible N = 1 superfield components of
W (x, θ, ζ), µa ≡ −iDζaW |ζ=0 and w ≡ i/2W |ζ=0,
(a) δηµa = ηa
(
1−D2w)+ ηb∂abw ,
(b) δηw =
1
2
ηaµa . (8)
It is easy to check that eq. (8a) is consistent with
the Bianchi identity (1) (which is none other than
eq. (6b)).
The additional homogeneously transforming
N = 1 superfield w(x, θ) can be expressed in
terms of the Goldstone-Maxwell one µa by en-
forcing nonlinear constraints the precise form of
which is dictated by the generic method of refs.
[7]-[10] applied to the given system.
As the first step, one defines superfields µ˜a and
w˜ as finite S-supersymmetry transforms of µa and
w, with the transformation parameter ηa being
replaced by −ψa(x, θ):
µ˜a = µa − ψa
(
1−D2w)− ψb∂abw
−1
4
ψ2∂abµ
b ,
w˜ = w − 1
2
ψaµa +
1
4
ψ2
(
1−D2w) . (9)
These quantities homogeneously transform with
respect to the whole N = 2, d = 3 SUSY. There-
fore, one can covariantly equate them to zero,
µ˜a = w˜ = 0 . (10)
From these covariant constraints one derives the
equivalence relation between ψa and µa (5), as
well as the relation
w =
1
4
µ2
1−D2w . (11)
These are precisely the equations postulated in
[6] (up to a rescaling of w). They can be used to
express w in terms of either ψa or µa
w =
1
4
ψ2
1 + 14D
2ψ2
=
1
2
µ2
1 +
√
1−D2µ2
. (12)
This composite superfield is just the Goldstone
superfield Lagrangian density in the action (2).
The same superfield D2-brane action can be
written in a manifestly N = 2 supersymmetric
form as an integral over the whole N = 2 super-
space, with either W 2 or N = 2, d = 3 Fayet-
Iliopoulos term as the Lagrangian densities.
2.2 N = 2 → N = 1, d = 4 BI theory. This case
[3] corresponds to the partial breaking of N =
2, d = 4 SUSY,{
Qα, Q¯α˙
}
=
{
Sα, S¯α˙
}
= 2Pαα˙ ,
{Qα, Sβ} = 0 , (13)
down to the N = 1, d = 4 ∝ (Q, Q¯, P ), with a
vector N = 1, d = 4 multiplet as the Goldstone
one. In terms of the N = 1, d = 4 Maxwell super-
field strength Wα(z), W¯ α˙(z) (z = (xαα˙, θα, θ¯α˙)),
D¯α˙W β = 0 , DαWα + D¯α˙W¯
α˙ = 0 , (14)
the Goldstone superfield action (N = 1, d = 4 BI
action) reads
S ∼
∫
d4xLd
2θ φ ,
3φ =W 2 +
1
2
D¯2
W 2W¯ 2
1− 12A+
√
1−A+ 14B2
,
A ≡ 1
2
(
D2W 2 + D¯2W¯ 2
)
,
B ≡ 1
2
(
D2W 2 − D¯2W¯ 2) . (15)
The equivalence relation between the canonical
nonlinear realization Goldstone spinor superfields
ψα, ψ¯α˙ and Wα, W¯ α˙ is [10]
Wα = ψα
(
1− 1
4
D¯2φ¯
)
+ . . . , (16)
where . . . stand for terms with x-derivatives. The
nonlinear SUSY acts as
δηWα = ηα
(
1− 1
4
D¯2φ¯
)
− iη¯α˙∂αα˙φ . (17)
In components, (15) describes the space-filling
D3-superbrane in a static gauge.
The action (15) can be deduced [10] from the
appropriate linear realization of the PBGS pat-
tern N = 2 → N = 1, d = 4, following the pro-
cedure similar to that applied in the N = 2 →
N = 1, d = 3 case above. The starting point is
N = 2, d = 4 Goldstone-Maxwell multiplet in the
N = 2 superspace z = (xαα˙, θαi , θ¯
α˙i). It is defined
by the following deformation [12] of the standard
N = 2 Maxwell superfield strength constraints
(a) DikW − D¯ikW¯ = iM (ik) ,
(b) DiαW¯ = D¯α˙iW = 0 . (18)
Here,
Diα =
∂
∂θαi
− iθ¯α˙i∂αα˙ , D¯α˙i = − ∂
∂θ¯α˙i
+ iθαi ∂αα˙ ,
Dik = DαiDkα , D¯
ik = D¯iα˙D¯
α˙k ,
and M ik = Mki is a triplet of constants which
explicitly break the automorphism SU(2)A of
N = 2 supersymmetry down to U(1)A and satisfy
the pseudo-reality condition
(M ik) = ǫinǫkmM
nm .
Now we pass to the N = 1 superfield nota-
tion by relabelling the Grassmann coordinates
and spinor derivatives as
θα1 ≡ θα , θα2 ≡ ζα, D1α ≡ Dα, D2α ≡ Dζα .
In order to have the off-shell S-supersymmetry
(acting as ζ-supertranslations) spontaneously
broken while the Q-supersymmetry unbroken, we
choose the following frame with respect to the ex-
plicitly broken SU(2)A
M12 = 0 , M11 =M22 = m , (19)
where m is a real constant. Like in the case of
D2-brane it is fixed up to rescaling of W . A con-
venient choice is
m = −2 .
It will be also convenient to choose a basis in N =
2 superspace where the chirality with respect to
the variable ζα is manifest
D¯ζα˙ = −
∂
∂ζ¯α˙
, Dζα =
∂
∂ζα
− 2iζ¯α˙∂αα˙ . (20)
In this basis, constraints (18) imply the following
structure of the superfield W(x, θ, ζ)
W = − i
2
φ+ iζαWα − i1
2
ζ2
(
1− 1
4
D¯2φ¯
)
,
where φ and Wα are chiral N = 1 superfields
D¯α˙φ = D¯α˙Wα = 0 , (21)
and the fermionic superfield Wα obeys the N = 1
Maxwell superfield strength constraint (14).
The S-supersymmetry transformation of the
N = 2 superfield W
δηW = −
[
ηα
∂
∂ζα
+ η¯α˙
(
∂
∂ζ¯α˙
+ 2iζα∂αα˙
)]
W
implies the following ones for its N = 1 superfield
components φ and Wα
δηφ = 2(ηW ) , δηφ¯ = 2(W¯ η¯) ,
δηWα = ηα
(
1− 1
4
D¯2φ¯
)
− iη¯α˙∂αα˙φ ,
δηW¯α˙ = (δηWα) . (22)
The superfield Wα shows up an inhomogeneous
shift ∼ ηα in its transformation, so it is the Gold-
stone fermion of the linear realization of the con-
sidered N = 2 → N = 1, d = 4 PBGS pattern
(Goldstone-Maxwell N = 1 superfield).
4After this one can start the algorithmic pro-
cedure of passing to the relevant nonlinear real-
ization. It goes in full analogy with the N =
2 → N = 1, d = 3 case. Firstly one constructs
finite η-transformations of the superfields φ and
Wα proceeding from the infinitesimal ones (22).
As the next step, one replaces, in the transformed
superfields, the transformation parameters by the
original nonlinear realization Goldstone fermions,
ηα → −ψα, η¯α˙ → −ψ¯α˙. At last, one imposes the
covariant constraints on the so defined superfields
φ˜ = W˜α = 0 , (23)
and obtains the appropriate relations between
φ,Wα and ψα. After some algebra, one ends up
with the simple relations
φ =
W 2
1− 14D¯2φ¯
, φ¯ =
W¯ 2
1− 14D2φ
, (24)
which, up to a rescaling of φ, are just those postu-
lated in [3] and derived from the nilpotency con-
dition in [13]. Their solution is the expression for
φ in (15).
Note that the Goldstone superfield Lagrangian
density for the N = 2 → N = 1 PBGS in (15)
can be equivalently rewritten in N = 2, d = 4 su-
perspace in terms of the constrained N = 2 gauge
superfield strength W , W¯ as the Fayet-Iliopoulos
term or as the kinetic term of N = 2 Goldstone-
Maxwell multiplet.
2.3 N = 4 → N = 2, d = 4 BI theory. The
N = 2, d = 4 super BI action can be constructed
in terms of the N = 2 Maxwell superfield strength
W(z), W¯(z), z = (xαα˙, θαi , θ¯α˙i), defined by the
constraints
D¯iα˙W = Dαi W¯ = 0 , DikW = D¯ikW¯ , (25)
(i, k = 1, 2), which is the M ik = 0 version of the
constraints (18). The simplest N = 2 BI action
was proposed in [14]. It goes into the previously
given N = 1 BI action after the appropriate re-
duction, but it does not possess a second non-
linearly realized N = 2 SUSY. So it cannot be
interpreted as the Goldstone superfield action for
the PBGS option N = 4→ N = 2 in d = 4.
A recursive procedure of restoring the correct
action was developed in [15,16]. The point of de-
parture is the following N = 4, d = 4 superalge-
bra {
Qiα, Q¯α˙j
}
=
{
Siα, S¯α˙j
}
= 2δijPαα˙ ,{
Qiα, S
j
β
}
= 2εijεαβZ . (26)
The basic Goldstone superfield supporting the
1/2 breaking of this N = 4 SUSY is a scalar one
W, W¯ associated with the complex central charge
generator Z, Z¯. It obeys a nonlinear version of
the constraints (25) and is related to W , W¯ by a
complicated equivalence redefinition. Up to the
sixth order, the N = 4 → N = 2 Goldstone-
Maxwell superfield action and transformations of
the central charge and second hidden SUSY (with
the generators S, S¯) read
δW = f − 1
2
D¯4(fA) +
1
4
✷(f¯ A¯)
+
1
4i
D¯iα˙f¯Dαi ∂αα˙A¯ , (27)
A = W¯2
(
1 +
1
2
D4W2
)
, D4 =
1
48
DikDik ,
f = c+ 2i ηiαθiα , (28)
S
(6)
bi ∼
∫
dζLW2 + c.c. + 1
2
∫
dz{ W2W¯2
× [2 + (D4W2 + D¯4W¯2)]
− 1
9
W3✷W¯3 +O(W 8) } , (29)
where dz and dζL are measures of integration over
the whole N = 2 superspace and its chiral sub-
space. In [16] the action was restored up to 10th
order using some algorithmic iteration procedure.
The full action contains the standard BI action
and some disguised form of the Nambu-Goto ac-
tion for two physical scalar fields. It is a gauge-
fixed action of D3-superbrane in D = 6.
Let us say a few words on the aforementioned
recursive procedure of restoring the full superfield
action and its relation to the approach based on
the linear realizations of PBGS exemplified in the
previous two subsections.
As was proposed in [16], the linear Goldstone-
Maxwell multiplet relevant to the case at hand is
an infinite-dimensional linear multiplet of N = 4
superalgebra (26), with a non-trivial realization
of the central charges Z, Z¯. To be more pre-
cise, one embeds the N = 2 Maxwell superfield
5strength W into an infinite-dimensional N = 4
multiplet
W , W¯ , An, A¯n, (n = 0, 1, 2, . . .) ,(30)
where An are chiral (otherwise unconstrained)
N = 2 superfields,
D¯α˙iAn = 0 , DiαA¯n = 0 . (31)
The following transformations
δW = f − 1
2
D¯4(fA¯0) + 1
4
✷(f¯A0)
+
1
4i
D¯iα˙f¯Dαi ∂αα˙A0 , (32)
δA0 = 2fW + 1
4
f¯✷A1 + 1
4i
D¯iα˙f¯Dαi ∂αα˙A1,
δA1 = 2fA0 + 1
4
f¯✷A2 + 1
4i
D¯iα˙f¯Dαi ∂αα˙A2
...........
δAn = 2fAn−1 + 1
4
f¯✷An+1
+
1
4i
D¯iα˙f¯Dαi ∂αα˙An, (n ≥ 1) (33)
where the function f was defined in (28), close off
shell both among themselves and with those of
the manifest N = 2 supersymmetry just accord-
ing to the superalgebra (26). The central charge
(c, c¯) transformations non-trivially act on this in-
finite tower of N = 2 superfields.
A good candidate for the chiral N = 2 La-
grangian density is the superfield A0. Indeed, the
“action”
S =
∫
d4xd4θA0 +
∫
d4xd4θ¯A¯0 (34)
is invariant with respect to the transformation
(33) up to surface terms.
It remains to define covariant constraints which
would expressA0, A¯0 in terms ofW , W¯, with pre-
serving the linear representation structure (32),
(33). Because of an infinite number of N = 2 su-
perfields An, there should exist an infinite set of
constraints expressing these superfields through
the basic Goldstone ones W , W¯ . The procedure
of deducing this set of constraints was described
in [16]. The first two constraints read
φ0 = A0
(
1− 1
2
D¯4A¯0
)
−W2
−
∑
k=1
(−1)k
2 · 8k Ak✷
kD¯4A¯k = 0 ,
φ1 = ✷A1 + 2 (A0✷W −W✷A0)
−
∑
k=0
(−1)k
2 · 8k
(
✷Ak+1✷kD¯4A¯k
−Ak+1✷k+1D¯4A¯k
)
= 0 , (35)
and so on.
At present we do not know how to explicitly
solve this set of constraints and to find a closed
expression for the Lagrangian densities A0, A¯0.
We can only recover the general solution by iter-
ations. E.g.,
A0 =W2 +A(4)0 +A(6)0 +A(8)0 + . . . ,
A(4)0 =
1
2
W2D¯4W¯2 , . . . . (36)
The action, up to the 10th order in W , W¯ , was
found in [16]. It turned out to coincide, at least
up to the 8th order, with the action deduced in
[17] from the requirements of self-duality and in-
variance under nonlinear shifts of W , W¯ (the c, c¯
transformations in our notation). This is an indi-
cation that the full N = 4→ N = 2 BI action is
also self-dual like its N = 2 → N = 1 prototype
[3].
2.4 N = 8 → N = 4, d = 4 BI theory. No mani-
festly N = 4 supersymmetric off-shell actions are
known for N = 4, d = 4 Maxwell theory, so no
such actions can be defined for the BI deforma-
tions of the latter. The best what one can hope to
gain is N = 4 BI actions with the N = 1, N = 2
[1] or at most N = 3 [5] manifest off-shell SUSYs.
However, it is still possible to derive the super-
field equations of motion of N = 4 BI theory,
in a manifestly N = 4 supersymmetric form and
with one extra nonlinearly realized N = 4 SUSY,
within the nonlinear realizations formalism ap-
plied to the following N = 8, D = 4 superalgebra
[15]:{
Qiα, Q¯α˙j
}
=
{
Siα, S¯α˙j
}
= 2δijPαα˙ ,{
Qiα, S
j
β
}
= εαβZ
ij (37)
Z¯ij =
(
Zij
)∗
=
1
2
εijklZ
kl . (38)
6The basic Goldstone superfield supporting par-
tial breakdown of this SUSY down to N =
4, d = 4 SUSY ∝ (Q,P ) is an N = 4 super-
field Wik , W¯
ij = 12ε
ijklWkl , associated with the
generator Zik. One also introduces spinor Gold-
stone superfields ψαi , ψ¯
α˙i associated with Siα and
S¯α˙j . The covariant superfield equations of the
N = 8→ N = 4 super BI theory read
(a) ψαi +
2i
3
DjαWij = 0,
(b) DkαWij −
1
3
[
δki DmαWmj − (i↔ j)
]
= 0 (39)
(plus their c.c.). Here Djα, D¯α˙j are the appropriate
covariantization of the flat N = 4 spinor deriva-
tives. They nonlinearly depend on ψαi , ψ¯
α˙
i which
can be covariantly expressed through derivatives
of Wkl by eq. (39a). Eq. (39b) is a covarianti-
zation of the standard superfield constraints of
the on-shell N = 4 Maxwell theory [18], and it
contains the dynamical equations for the compo-
nent fields. One of them is a disguised form of
the BI equations. The full set of equations is a
manifestly worldvolume supersymmetric form of
the equations of the gauge-fixed D3-superbrane
in D = 10, with 6 physical bosonic fields of
N = 4 Goldstone-Maxwell multiplet being trans-
verse brane coordinates.
As was already mentioned, one cannot hope
to construct an off-shell N = 4 supersymmet-
ric superfield action for this super BI system,
since no such action exists even for the ordinary
N = 4 gauge theory. However, for the first non-
trivial term in the BI action, the quartic term
∼ FαβFαβ F¯ α˙β˙F¯α˙β˙ , N = 4 completions with
N = 1 and N = 2 off-shell supersymmetries are
known. These were given, respectively, in terms
of N = 1 superfields [1] and N = 2 projective
superfields [19]. Here we present this completion
in terms of off-shell N = 2 harmonic superfields
[20].
In the harmonic superspace (HSS) descrip-
tion [21,22], N = 4 vector multiplet is repre-
sented by the standard gauge N = 2 super-
field strength W(z), W¯(z) and the analytic hy-
permultiplet superfield q+a(ζ, u). Here {ζ, u} ≡
{xαβ˙ , θ+α, θ¯+α˙, u±i} are co-ordinates of an ana-
lytic subspace of N = 2 harmonic superspace
{z, u±i} and u±i, u+iu−i = 1, are harmonic vari-
ables parametrizing some internal 2-sphere S2.
The indices a and i are doublet indices of two
mutually commuting SU(2) groups, a = 1, 2; i =
1, 2. Further details can be found in [21,22]. The
free N = 4 Maxwell theory action is given by
SN=4free =
1
8
∫
dζLW2 + c.c.
− 1
2
∫
dζ(−4)q+aD++q+a , (40)
where D++ is the analyticity-preserving har-
monic derivative and dζ(−4) is the measure of in-
tegration over the analytic superspace. Besides
being manifestly N = 2 supersymmetric, the ac-
tion (40) is invariant under one more N = 2
SUSY which forms N = 4, d = 4 SUSY together
with the manifest N = 2 one. For our purposes it
suffices to know only the on-shell form of trans-
formations of this hidden SUSY:
δW = 1
2
ǫ¯α˙a D¯−α˙ q
+
a , δW¯ =
1
2
ǫαaD−α q
+
a ,
δq±a =
1
4
(ǫβaD
±
βW + ǫ¯α˙a D¯±α˙ W¯) , (41)
where ǫαa, ǫ¯α˙a are the Grassmann transforma-
tion parameters, D±α , D¯
±
α˙ are harmonic projec-
tions of the flat N = 2 spinor derivatives and
q−a ≡ D−−q+a, D−− being the second har-
monic derivative. The quartic superfield term
which is invariant under the transformations (41)
and yields the correct quartic term ∼ F 2F¯ 2 in
the component BI action (with the correct rela-
tive coefficient w.r.t. the free Maxwell action) is
uniquely restored, up to terms vanishing on the
free mass shell,
SN=44 =
1
32
∫
dzdu {W2W¯2 − 4(q+ · q−)
× [WW¯ − 1
3
(q+ · q−)] }, (42)
(q+ · q−) ≡ q+aq−a .
Here du is the measure of integration over har-
monics (
∫
du · 1 = 1). The problem of N = 4-
completing of higher-order terms of the N = 2 BI
action (even of its simplest version [14]) is tech-
nically very complicated because the form of the
7hidden on-shell N = 4 transformations (41) is
modified from order to order in superfields.
It is remarkable that in N = 3 HSS [23] one
can construct an off-shell N = 3 superextension
of the full BI action [5].
3. N=3 BORN-INFELD THEORY
3.1 Introduction. Since the N > 2 super BI ac-
tions are extensions of the corresponding super
Maxwell actions, the necessary condition of the
existence of some off-shell super BI action is the
existence of such an action for the relevant free
super Maxwell theory. The maximally supersym-
metric off-shell formulation of N = 4 gauge the-
ory is that with manifest N = 3 supersymmetry.
It was given in [23] in the framework of N = 3
harmonic superspace (HSS).
In [5], starting from this formulation, we have
constructed an N = 3 superextension of the full
BI action. As distinct from the previously known
N = 1 and N = 2 super BI actions, the construc-
tion of the N = 3 BI action is by no means a
straightforward order-by-order supersymmetriza-
tion of the bosonic BI action. The main novel
feature stems from the crucial property that the
Grassmann-analytic gauge potentials of N = 3
gauge theory in N = 3 HSS [23] contain, be-
sides the physical fields including the standard
gauge potential Am, also an infinite number of
the auxiliary fields. Among them there is an in-
dependent bispinor field Hαβ = Hβα. The cor-
rect bilinear Maxwell term in the component ac-
tion arises only after elimination of this field by
its algebraic equation of motion. The N = 3
gauge superfield strength contains the combina-
tion Vαβ =
1
4 [Hαβ+Fαβ(A)] of the auxiliary field
and the gauge field strength.
The auxiliary component Vαβ can be inter-
preted as a Legendre-type transform variable for
the gauge field strength Fαβ(A). It turns out that
this specific Legendre transform of the standard
bosonic BI action is determined by a real func-
tion E of the single variable a = V 2V¯ 2 where
V 2 = V αβVαβ . The problem of N = 3 supersym-
metrization of the BI action is then reduced to the
construction of self-interaction superfield terms of
the order 4k in the auxiliary field Vαβ . All these
terms can be constructed as the appropriate pow-
ers of the off-shell N = 3 superfield strengths and
their spinor derivatives in the framework of an an-
alytic subspace of N = 3 HSS. A generic function
E(a) exhausts the complete set of the SO(2) self-
dual nonlinear extensions of the Maxwell action,
the BI one being a special representative of them.
All such actions can be N = 3 supersymmetrized
off shell.
3.2 Elements of N = 3 harmonic formalism. The
fundamental objects of the abelian N = 3 gauge
theory are three harmonic gauge potentials liv-
ing as unconstrained superfields on the (4+6|8)-
dimensional analytic subspaceH(4+6|8) = {ζ, u}
of N = 3 HSS
V 12 (ζ, u) , V
1
3 (ζ, u) , V
2
3 ,
V 12 = −(˜V 23 ) , V 13 = (˜V 13 ) . (43)
The definition of the generalized conjugation ∼
preserving N = 3 Grassmann harmonic analytic-
ity and the precise content of the analytic coordi-
nate set {ζ, u} can be found in [23,5]. The poten-
tials undergo abelian gauge transformations with
a real analytic parameter λ(ζ, u):
δV 12 = iD
1
2λ , δV
1
3 = iD
1
3λ , δV
2
3 = iD
2
3λ .(44)
The potential V 13 can be consistently expressed in
terms of the two remaining ones by imposing the
conventional constraint
Vˆ 13 ≡ D12V 23 −D23V 12 . (45)
The free N = 3 gauge theory action has the fol-
lowing form:
S2(V
1
2 , V
2
3 ) = −
1
4f2
∫
dζ(3311)du[V
2
3 D
1
3V
1
2
+
1
2
(D12V
2
3 −D23V 12 )2 ] , (46)
where the analytic superspace integration mea-
sure dζ(3311)du = d
4xAd
8θA(
33
11)du is defined in
[23,5] and we have introduced the coupling con-
stant f of dimension −2, so that [V 12 ] = −2 and
the gauge field strength is dimensionless. Be-
sides an infinite number of gauge components ac-
counted for by the gauge freedom (44), the gauge
potentials possess an infinite number of the auxil-
iary field components. The latter disappear only
8on the mass shell defined by the free equations of
motion following from (46):
F 1123 = D
1
3V
1
2 −D12Vˆ 13 = 0 ,
F 1233 = D
2
3Vˆ
1
3 −D13V 23 = 0 . (47)
For our further purposes it will be important
to know the full structure of the bosonic SU(3)
singlet sector in the component expansion of the
off-shell analytic potentials V 12 and V
2
3 in the WZ
gauge. A simple analysis yields
v12 = θ
α
2 θ¯
1β˙Aαβ˙ + i(θ2)
2θ¯1(α˙θ¯2β˙)H¯α˙β˙
+ i(θ2)
2(θ¯1θ¯2)C , (48)
v23 = θ
α
3 θ¯
2β˙Aαβ˙ − iθ(α2 θβ)3 (θ¯2)2Hαβ
− i(θ2θ3)(θ¯2)2C, (49)
where Hαβ = Hβα , C¯ = C, and the spinor repre-
sentation for the gauge field strength was used
Fαβ(A) ≡ ∂β˙(αAβ)β˙ , F¯α˙β˙(A) ≡ ∂β(α˙Aββ˙) ,
∂β˙αF¯β˙α˙ − ∂βα˙Fβα = 0 . (50)
We observe that the auxiliary dimensionless sym-
metric tensor and scalar fields Hαβ and C are
present in the off-shell SU(3) singlet sector in
parallel with the gauge potential Aαβ˙ and its co-
variant field strength. The fields Hαβ , H¯α˙β˙ play a
crucial role in constructing N = 3 supersymmet-
ric BI action.
The gauge fields part of the off-shell super N =
3 Maxwell component Lagrangian corresponding
to (46) is
L2(F,H,C) =
1
16f2
[H2 + H¯2
− 6 (H¯F¯ +HF ) + F 2 + F¯ 2 + 8C2 ] . (51)
Eliminating the auxiliary fields Hαβ , H¯α˙β˙ , C by
their algebraic equations of motion
Hαβ = 3Fαβ , H¯α˙β˙ = 3 F¯α˙β˙ , C = 0 , (52)
we arrive at the standard Maxwell action
L2(F ) = − 1
2f2
(F 2+ F¯ 2) = − 1
4f2
FmnFmn , (53)
where Fmn = ∂mAn − ∂nAm.
The basic building-blocks of the N = 3 BI ac-
tion are the analytic superfield strengths. Like
in the N = 2 gauge theory in N = 2 HSS [24],
one firstly defines the non-analytic abelian con-
nections V 21 , V
3
2 via the harmonic zero-curvature
equations
D12V
2
1 −D21V 12 = 0 , D23V 32 −D32V 23 = 0 , (54)
where V 32 = −V˜ 21 , δV 32 = iD32λ, δV 21 = iD21λ
and the explicit form of the harmonic derivatives
is given in [5]. Then the mutually conjugated
Grassmann-analytic off-shell superfield strengths
of the N = 3 Maxwell theory are constructed as
follows [25]:
W23 =
1
4
(D¯3)
2V 32 , W¯
12 = −1
4
(D1)2V 21 . (55)
These off-shell superfield strengths satisfy the fol-
lowing Grassmann analyticity conditions:
D2α˙W23 = D3α˙W23 = D
1
αW23 = 0 ,
D1αW¯
12 = D2αW¯
12 = D3α˙W¯
12 = 0 (56)
and harmonic differential conditions
D23W23 = 0 , D
1
2W¯
12 = 0 . (57)
We shall need the full off-shell SU(3) singlet
component structure of W23, W¯
12. The explicit
expressions for relevant parts of the latter read
w23 = iθ
α
2 θ
β
3Vαβ − (θ2)2θα3 θ¯2β˙∂ββ˙Vαβ , (58)
w¯12 = iθ¯1α˙θ¯2β˙ V¯α˙β˙ + (θ¯
2)2θα2 θ¯
1β˙∂α˙αVα˙β˙ , (59)
where
Vαβ =
1
4
(Hαβ + Fαβ) , V¯α˙β˙ = (Vαβ) .
One can directly check that w23, w¯
12 on their own
obey the off-shell conditions (56) and (57).
The free Maxwell Lagrangian (51) (with C =
0), being rewritten through the newly introduced
auxiliary fields Vαβ , V¯α˙β˙ , reads
L2(F,H, 0) ≡ B2(F, V ) = 1
f2
[V 2 + V¯ 2
− 2 (V F + V¯ F¯ ) + 1
2
(F 2 + F¯ 2) ] . (60)
9The algebraic equations of motion for Vαβ , V¯α˙β˙
giving rise to the standard Lagrangian (53) are
simply
Vαβ = Fαβ , V¯α˙β˙ = F¯α˙β˙ . (61)
From the above discussion one infers two im-
portant properties of the off-shell description of
N = 3 gauge theory in N = 3 HSS having no
direct analogs in the N = 1 and N = 2 cases.
First, the free Maxwell component Lagrangian
appears in the unusual forms (51) or (60), while
its standard form is recovered only after eliminat-
ing the auxiliary fields Vαβ , V¯α˙β˙ by their linear al-
gebraic equations of motion (61). Secondly, the
off-shell superfield strengths contain just these
tensor auxiliary fields, but not the ordinary gauge
field strengths Fαβ , F¯α˙β˙ .
These surprising features suggest a non-
standard approach to constructing nonlinear and
non-polynomial superextensions of the off-shell
N = 3 Maxwell theory. One should modify
(51) by proper terms which are nonlinear (and/or
non-polynomial) in the auxiliary fields Vαβ , V¯α˙β˙ ,
such that nonlinearities in Fαβ , F¯α˙β˙ inherent in
the BI action are regained as the result of elim-
inating these auxiliary fields by their nonlinear
equations of motion. Then one can hope to
N = 3 supersymmetrize the terms nonlinear in
Vαβ , V¯α˙β˙ with the help of the above superfield
strengthsW23, W¯
12 which contain just these aux-
iliary fields.
3.3 N = 3 BI action. Without entering into de-
tails, the modification of the free Maxwell La-
grangian (60), such that it becomes the correct
bosonic BI Lagrangian,
LBI(F, F¯ ) =
1
f2
[
1−
√
−det(ηmn + Fmn)
]
≡ 1
f2
[1−Q(ϕ, ϕ¯)] , Q(ϕ, ϕ¯) =
√
1 +X, (62)
ϕ = F 2 , ϕ¯ = F¯ 2 ,
X(ϕ, ϕ¯) ≡ (ϕ+ ϕ¯) + (1/4)(ϕ− ϕ¯)2 , (63)
after elimination of the auxiliary fields Vαβ , V¯α˙β˙
by their algebraic equations of motion, is as fol-
lows [5]
B(F, V ) = B2(F, V ) +
1
f2
E(V 2, V¯ 2)
=
1
f2
[ ν + ν¯ − 2(V F + V¯ F¯ )
+
1
2
(ϕ+ ϕ¯) + E(νν¯)] . (64)
Here ν ≡ V 2, ν¯ ≡ V¯ 2 and E(νν¯) is a real function
of the single argument νν¯ ≡ a defined by the
following equations
E(a) = 2[2t2(a) + 3t(a) + 1] , E(0) = 0,(65)
t4(a) + t3(a)− 1
4
a = 0 , t(0) = −1 . (66)
Note that the generic choice of the function E(a)
corresponds to a wide class of self-dual (by Legen-
dre transformation) extensions of Maxwell action,
the BI one being merely a particular case of these
nonlinear actions. 1
The problem of constructing a manifestly N =
3 supersymmetric superfield action which would
yield, in the bosonic sector, the F, V form (64) of
the BI action amounts to setting up a collection of
superfield monomials which extend the appropri-
ate terms in the power expansion of the function
E(V 2V¯ 2) defined in (65), (66).
Given the function E(V 2V¯ 2), we introduce the
new function Eˆ(V 2V¯ 2) by
E(V 2V¯ 2) =
1
2
V 2V¯ 2Eˆ(V 2V¯ 2) , (67)
with Eˆ(a) = 1 − a/4 + O(a2). Then the whole
sequence of higher order terms in the N = 3 gen-
eralization of the BI-action can be written as a
closed expression in the analytic superspace,
SE =
1
32f2
∫
dudζ(3311)(W23)
2(W¯ 12)2Eˆ(A) . (68)
Here A is the following real analytic superfield:
A =
1
211
(D1)2(D¯3)
2[D2αW12D
2
αW12
× D¯2α˙W¯ 23D¯α˙2 W¯ 23] = V 2V¯ 2 + . . . , (69)
W12 = D
3
1W23 = −4i θ(α1 θβ)2 Vαβ + . . . ,
W¯ 23 = −D31W¯ 12 . (70)
Thus we have obtained an N = 3 generaliza-
tion of the Born-Infeld action using the off-shell
1See [26] for a detailed discussion of the self-duality issues
in this new setting.
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2
3
SN=3BI = S2 + SE . (71)
The substitution of generic function Eˆ(A) = 1 +
O(A) into (68) yields N = 3 superextensions of a
wide class of the self-dual nonlinear deformations
of Maxwell theory.
Finally, we notice that the above N = 3 BI ac-
tion is a minimal N = 3 extension of the bosonic
BI action. It still remains to examine whether
it admits a treatment as a N = 3 Goldstone-
Maxwell superfield action describing an off-shell
PBGS option N = 6→ N = 3, d = 4 which could
amount on shell to the option N = 8 → N =
4, d = 4. By analogy to the situation with N = 2
BI action [14–16], one could expect that for such
an interpretation to be possible the above action
should be modified by some extra terms with ex-
tra x-derivatives on them.
4. CONCLUDING REMARKS
In conclusion, it is worth mentioning a few im-
portant unsolved problems in supersymmetric BI
theories.
• Constructing a BI deformation of the off-
shell N = (1, 0), d = 6 super Maxwell ac-
tion. Such super BI action should amount
to a static gauge of the space-filling D5-
superbrane action in a flat Minkowski back-
ground.
• Adapting the nonlinear realizations formal-
ism to the case of non-abelian BI actions.
This would seemingly require introducing
the notion of generalized supersymmetry al-
gebras incorporating the non-abelian gauge
group structure.
• Constructing superconformally invariant
versions of N = 2 and N = 3 super BI
actions reviewed in this article. Such mod-
ifications could play an important role in
the context of the AdS/CFT correspon-
dence [27]-[30], providing the PBGS form
of the effective worldvolume actions of D3-
superbranes on superbackgrounds with the
AdSn × Sm-type bosonic body (AdS5 × S1
in the N = 2 case and AdS5 × S5 in the
N = 3 and N = 4 cases).
Note that an N = 4 completion of the F 4 term
[31] of the N = 2 superconformal BI action in
N = 2 HSS was found in a recent paper [32]. It
radically differs from its non-conformal counter-
part (42):
Sconf4 ∼
∫
dzdu { lnW
Λ
ln
W¯
Λ
+ (X − 1) ln(1−X)
X
+ [Li2(X)− 1 ] } . (72)
Here
X = −2 q
+ · q−
W¯W , (73)
and
Li2(X) = −
∫ X
0
ln(1− t)
t
dt =
∞∑
n=1
1
n2
Xn
is Euler dilogarithm (Λ is an arbitrary scale). The
action (72) is invariant under both N = 2 super-
conformal group and N = 4 supersymmetry (41),
hence it is invariant under the whole N = 4 su-
perconformal group.
As distinct from (42), the contributions to the
component F 4 term come from both the pure
W , W¯ and mixed W , W¯, q± pieces of (72). It
reads
∼ F
2F¯ 2
(|ϕ|2 + f iafia)2 , (74)
where ϕ(x), ϕ¯(x) (< ϕ > 6= 0) and f ia(x) are
physical bosonic fields of the vector N = 2 mul-
tiplet and hypermultiplet. Together they form a
6-dimensional multiplet of the R-symmetry group
SU(4) of N = 4 SUSY. The SU(4) invariant
square of these fields in the denominator of (74)
ensures the scale and conformal invariance of the
corresponding x-space action and can be iden-
tified, from the AdS5 × S5 D3-superbrane per-
spective [27], with the fifth (radial) co-ordinate
of AdS5.
It would be extremely interesting to find a su-
perconformally invariant version (if existing) of
the N = 3 BI action (71). Such an action is ex-
pected to be unique and to provide a manifestly
11
off-shell N = 3 supersymmetric superfield form of
the abelian D3-superbrane action on AdS5 × S5.
It is very important to know this hypothetical
maximally worldvolume supersymmetric form of
the D3-brane action both for further clarifying
the AdS/CFT correspondence and, as a closely
related goal, for exploring the precise structure of
the quantum low-energy effective action in N = 4
SYM theory.
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